Abstract-In this paper, we present a new analytical model of the connected bi-omega structure consisting of two bi-omega particles connected together through their arms. A single bi-omega particle consists of a pair of regular equal omegas with mirror symmetry. Assuming the individual bi-omega particle electrically small, the equivalent circuit is derived, in order to predict its resonant frequency. Then, two bi-omega particles are connected together, obtaining a symmetric structure that supports two fundamental modes, with even and odd symmetries, respectively. The proposed analytical model, then, is used to develop a procedure allowing the design of the particle for a desired resonant frequency. The effectiveness of the proposed analytical model and design guidelines is confirmed by proper comparisons to full-wave numerical and experimental results. We also demonstrate through a proper set of experiments that the resonant frequencies of the connected bi-omega particle depend only on the geometrical and electrical parameters of the omegas and are rather insensitive to the practical scenario where the particle itself is actually used, e.g. in free-space, rectangular waveguide or across an aperture in a metallic screen.
. Geometry of the individual bi-omega particle.
version of the helix shape, is the fundamental brick of a particular artificial bi-anisotropic material, the so-called omega medium [14] .
The theoretical studies on helix and omega particles have been recently revitalized, due to the explosion of the metamaterial research [15] [16] [17] [18] [19] [20] [21] [22] . Omega particles, for instance, have been extensively used as the unit-cells of negative index metamaterials working in the microwave frequency range [23] , [24] . Due to their intrinsic magneto-electric coupling, in fact, they can avoid the employment of two different inclusion types to obtain negative effective permittivity and permeability, both required to exhibit the negative index behavior. According to the homogenization constraints [25] , in order to build an artificial effective material characterized by proper effective electromagnetic parameters (i.e., permittivity and permeability), such particles should be electrically small. In this case, it is possible to represent their electromagnetic behavior through proper lumped-element-based equivalent circuits.
Recently, some of the authors have properly combined four regular omega resonators to build a symmetric structure, the so-called connected bi-omega particle, to obtain an interesting device with an inherent filtering behavior successfully employed in novel microwave components, such as electrically small radiating apertures, waveguide filters, directional couplers, diplexers, power-splitters, etc. [26] [27] [28] [29] . This particle consists of two bi-omega resonators, i.e., two regular equal omega resonators with mirror symmetry, connected together through their arms as shown in Figs. 1 and 2 .
In order to predict the resonant frequencies of the connected bi-omega particle, in [27] a simple circuit model has been proposed and briefly described by the authors. That model turned out to be fairly accurate for the design in [27] , although some circuit elements were missing. For example, the capacitive reactance of the gap between the dipole arms was not present, as well as the capacitive terms of the mutual coupling between the dipole and the dipole moment of the loop. In [27] , the contribution of such capacitances was likely compensated by assuming that the half-length of the transmission line connecting the two bi-omegas is counted from the end of one omega arm to the symmetry plane. However, as it is demonstrated in this paper, the correct assumption is the one considering the half-length of the transmission line from the center of the bi-omega particle to the symmetry plane (please, compare the line length in [27, Fig. 1] and Fig. 2 ). The open(short)-circuited stub, in fact, exhibits a higher capacitive (lower inductive) input reactance that compensates the missing capacitive terms. Due to these imperfections, when fixing the values of the gap width and of the distance between the bi-omega particle and the symmetry plane, the validity of the model in [27] is strongly limited to a narrow range of the values of the arm length .
The aim of this paper, thus, is to propose a new and comprehensive analytical model of both the bi-omega and the connected bi-omega particle that overcomes the limitations due to the approximations made in [27] and to provide, for the first time, a design procedure that allows retrieving the geometrical dimensions of the particle, starting from the desired resonant frequency. In this way, the design and application of the particle in microwave components is significantly facilitated and new physical insights are also given for a better understanding of the particle operation.
The validity of the model is supported by proper full-wave simulations and experimental measurements conducted both in free-space and in metallic waveguides. In both scenarios, the electromagnetic response of the connected bi-omega particle does not change, demonstrating an interesting insensitivity of the particle to the surrounding environment.
The structure of the paper is as follows. In Section II, by exploiting the equivalent circuit representations of electrically small antennas [30] , we first derive the equivalent circuit of the individual bi-omega particle. Then, by using symmetry considerations, in Section III we derive the equivalent network representation of the proposed connected bi-omega particle, which is used to estimate the resonant frequencies of the fundamental modes supported by the structure. In Section IV, we provide a design procedure of the proposed particle that allows designing the particle starting from the desired resonant frequencies. Finally, in Section V, we verify the new proposed equivalent circuit models through proper full-wave numerical simulations and free-space and waveguide measurements.
II. BI-OMEGA PARTICLE: ANALYTICAL MODEL
Let us consider the individual bi-omega particle shown in Fig. 1 . The particle is formed by the combination of a split-ring loop ( is the radius) and a dipole ( is the half-length). According to Fig. 1 , is the ring-dipole separation, is the width of the metallic strip, is the gap width, and is the separation between the two omegas. As previously anticipated, assuming that the bi-omega is electrically small, it is possible to use a quasi-static approach and estimate the electromagnetic behavior of the single-omega particle through a lumped-element equivalent circuit [31] , [32] .
The loop part of the omega, thus, can be considered as illuminated by a time-varying uniform field and, consequently, driven by a constant current. Under this assumption, the equivalent impedance of the small loop is given by the series of the magnetic dipole radiation resistance and the single-turn loop self-inductance [30] (1)
where , . and are the wave-number, the intrinsic impedance. and the permeability of the medium where the loop is placed, respectively, and the loop area. Similarly, the arms of the omega act as a dipole driven by the current flowing in the loop. Being the dipole electrically small and the current null at the end of the arms, the current distribution can be considered linear. The equivalent impedance of the dipole connected to the loop, thus, is given by (3) being (4) where and are the permittivity and permeability of the surrounding medium, respectively.
Moreover, although the electric dipole moment of a standalone loop is often neglected, in the omega shape the loop is on the same plane of the dipole and, thus, their electric dipole moments, i.e., the one of the loop and the one of the dipole, couple together modifying their electrical properties each other. The circuit model of the single omega, thus, has to take into account also the equivalent impedance of the electric dipole moment of the loop, which is obtained assuming that the equivalent dipole has the same length of the loop diameter
The resistive term is given by the radiation resistance of an electrically small dipole, as in (4), substituting the half-length of the dipole with the radius of the loop. In fact, the dipole moment of the loop is given by the distribution of opposite electric charges at the opposite points of the loop whose diameter is the total length of an equivalent electrically small dipole.
Looking at the loop-dipole connection, the metallic strips connecting the loop and the dipole are very close to each other and a coupling effect takes place [33] that can be described by the shunt capacitive impedance (7) (8) where is the complete integral of the first kind and
To complete the circuit representation of the single omega, we need to model the mutual coupling between the dipole and the electric dipole moment of the loop of a single omega particle. This term affects the resonant frequency of the particle, since the dipole and the loop are on the same plane. The mutual impedances and can be calculated through the method reported in [12] , [30] (9) where (10) When two omega particles are placed very close to each other as shown in Fig. 1 in order to create the bi-omega particle, the mutual coupling effect between the two loops and the one between the two dipoles come into play and needs to be modeled. The mutual impedance between the electric dipole moments of the dipoles and the loops of the two adjacent omegas can be again modeled properly setting the characteristic impedance in (9) . We refer to these mutual impedances as , , , and where the subscript mm indicates the mutual impedances in presence of two omegas, and the superscripts identify the parts of the omega (i.e., dipole or loop) involved in the coupling. Furthermore, the mutual impedance between the two loops is given by [34] (11) Finally, the electromagnetic excitation of the particle is modeled in terms of a voltage generator. According to the coordinate system shown in Fig. 1 , we assume that the particle is excited only by a magnetic field , orthogonal to the loop plane. This is the most common type of excitation used in the applications of the particle already proposed in the literature [26] [27] [28] [29] . Under this assumption, the equivalent circuit is fed by an electromotive force e.m.f. induced on the loop portion of the omega particle by the variation of the magnetic flux density across the area of the loop (12) In summary, the lumped element equivalent circuit representation of the two coupled omega particles is reported in Fig. 3(a) .
This circuit reports the entire coupling effects between the different parts of the same omega and between the two adjacent omegas. Such a circuit can be simplified as shown in Fig. 3(b) where (13) Once the equivalent circuit of the structure in Fig. 1 has been derived, it is possible to evaluate the induced current flowing on the particle as follows: (14) where (15) is the equivalent Thévenin impedance seen at the terminals of the voltage generator of Fig. 3(b) .
In the following Section, we will consider the case of the connected bi-omega particle of Fig. 2 and modify the equivalent circuit shown in Fig. 3(b) , in order to take into account the transmission line that connects the two bi-omegas.
III. CONNECTED BI-OMEGA PARTICLE: EVEN AND ODD MODE ANALYSIS
Let's consider now the connected bi-omega particle depicted in Fig. 2 . The structure consists of two individual bi-omega particles connected through a transmission line having length equal to . As for any symmetric structure, we assume that the connected bi-omega particle supports two fundamental modes, having even and odd field symmetries, respectively. Such modes can be easily studied considering only half of the structure and terminating it on either a perfect magnetic or a perfect electric wall, respectively. This means that we just need to load the individual bi-omega particle with a transmission line stub with length terminated on a generic load impedance that is either an open-or a short-circuit. The corresponding circuit representation is reported in Fig. 4 . According to the transmission line theory, thus, the impedances to add to the model of the individual bi-omega particle derived in Section II are (16) being the characteristic impedance of the Lecher bifilar line [35] connecting the two bi-omega particles (Fig. 2 ) (17) where is the effective permittivity defined later in (20) . Again, exploiting the circuit representation reported in Fig. 4 , we are able to evaluate the current as function of the frequency when the transmission line is terminated on either a short-or an open-circuit (18) where (19) So far, we have considered the particles immersed in a given homogeneous medium (e.g., vacuum). However, when considering the physical implementation of the structure, the metallic omegas are usually printed on the two opposite faces of a dielectric slab, as schematically shown in Fig. 5 .
In order to take the presence of the dielectric slab into account, we assume that the effective dielectric constant of the transmission line given by the two connected printed arms of the bi-omegas is the one of a regular suspended microstrip line [36] (20)
The equivalent circuit model of Fig. 4 can be used to predict the electromagnetic behavior of a realistic connected bi-omega particle. For instance, by using such representations, it is possible to estimate the resonant frequencies of the two fundamental modes supported by such a symmetric structure.
IV. DESIGN OF THE CONNECTED BI-OMEGA PARTICLE
In this section, the proposed equivalent circuit model is used to design a connected bi-omega particle that has to operate at the desired even-and odd-mode resonant frequencies. To show an example of the design procedure, we consider a connected bi-omega particle that has to operate at 3 GHz (even-mode) and 4 GHz (odd-mode). In the following, we report the design procedure and discuss all the choices taken throughout the design.
Once the two desired resonant frequencies of the particle are given, we start the design by choosing the resonant frequency of the individual bi-omega particle. To this end, it is worth noticing that, in the case of the even mode of the connected bi-omega, the loading stub returns a capacitive impedance (open-circuit termination) leading to a slight reduction of the resonant frequency of the individual bi-omega particle, whereas in the case of the odd mode, the loading stub returns an inductive impedance (shortcircuit termination) which causes an increase of the resonant frequency in comparison to the one of the individual bi-omega particle. Therefore, the individual bi-omega particle has to resonate at an intermediate frequency between the two ones of the connected bi-omega. In this example, we can fix it at 3.5 GHz. Then, we need to fix the substrate material on which the particle will be printed. In this case, we choose a thin dielectric board of Roger RO4003C with permittivity and thickness [37] . In order to evaluate the effective permittivity in (20) , we have to set the width of the metallic strip, which is strictly related to the resolution of the technique used for the fabrication. Here, we consider using a milling machine for printed circuit boards, whose milling resolution is 0.25 mm. Similarly, we set the width of the gap and the distance between the dipole and the loop. In order to be sure that the particle will be properly fabricated by the machine, we set , , and . Finally, using (14) we can plot the predicted resonant frequency of the individual bi-omega particle, i.e., the maximum of the module of , as a function of the loop radius and the half-length of the dipole [see Fig. 6(a) ]. Among the several combinations of and that make the particle resonating at 3.5 GHz, we choose for having a more compact particle. However, other combinations are equivalent.
Afterwards, as mentioned in the introduction, in order to create the complete structure of Fig. 2 , two identical individual bi-omegas are connected through a transmission line of half-length D, evaluated from one stem of one omega to the symmetry plane. As done in Fig. 6(a) , by using (18) we report in Fig. 6 (b) the resonant frequencies of the even and odd mode of the connected bi-omega particle, respectively, for different values of the line length D. The resonant frequency of both mode decreases for longer lines because the equivalent PMC/PEC plane recedes from the particle, which exhibits a longer effective resonant wavelength.
In the end, the connected bi-omega particle is characterized by the following geometrical parameters: , , , , , , and being the slab parameters , . In Table I , we report the values of the lumped elements of the TABLE I CIRCUIT ELEMENTS VALUES omega particle. As mentioned in Section II, the resistive elements are the radiation resistance of the loop and the dipole and, thus, they are frequency dependent quantities.
The two predicted resonant frequencies for the even and odd modes are 3.01 GHz and 4.03 GHz, respectively.
V. NUMERICAL AND EXPERIMENTAL VALIDATION
In this Section, we report on the numerical and experimental validation of the connected bi-omega particle presented in Fig. 7 . Amplitude of the magnetic field at the centers of the loops in the cases of a slab placed in free-space and across a rectangular slit drilled in a metallic screen.
Section IV. We have simulated and measured the electromagnetic response of the connected bi-omega particle in free-space and in a metallic waveguide.
A. Validation Through a Free-Space Setup
In order to have a first validation of the equivalent circuit model, we have used a full-wave electromagnetic simulator, CST Studio Suite [38] , to evaluate numerically the electromagnetic response of the connected bi-omega particle considered in the example at the end of Section III. The particle has been made of a 35--thick copper metallization printed on a Roger RO4003C dielectric board ( and ) [37] with dimensions . In the simulations, the dielectric slab is placed in free-space and illuminated by a plane-wave with the unit-amplitude magnetic field orthogonal to the loop plane, , and the electric field in the loop plane, (see Fig. 2 and the inset of Fig. 7) .
At the resonant frequency, the current induced on the particle is maximum and the same is also for the magnetic flux linked by the loop portion of the bi-omega particle. In the simulations, we exploited this relationship and put two magnetic field probes at the centers of the loop pairs of each bi-omega particle to record the component of the magnetic field directed along the loop axes. The result of this exercise is represented by the solid-line plot shown in Fig. 7 (the two probes have given superimposed results and, thus, only one plot is shown in the figure) .
Comparing the results of Figs. 6 and 7 (blue circles), we note a very good agreement in the positions of the resonant frequencies and comparable relative amplitudes between the induced currents and the probed magnetic field magnitudes. The operative frequencies of the particle are 3.04 GHz and 3.97 GHz that are very close to the ones obtained through the design procedure.
Then, in order to validate the model also when the connected bi-omega particle is in operative conditions, in Fig. 7 (solid line) we report also the amplitude of the magnetic field component at the centers of the loops when the particle is placed across a rectangular sub-wavelength aperture drilled in an infinitely extended metallic screen. The rectangular slit is 15 mm high and 3 mm wide. It is worth noticing that the response of the particle is not affected by the presence of the screen at all. We have also changed the dimensions of the rectangular slit and used a finite (though large) metallic screen to check this point and the response obtained has not changed.
Then, we have fabricated a particle sample, being liable to the geometrical and material parameters used in the simulations. We have drilled the rectangular slit in a aluminum screen and fixed the slab with the printed omegas across it, as shown in Fig. 8(a) . The metal screen with the aperture has been placed between two identical standard horn antennas (WR 284 and WR 187 waveguide dimensions have been used to cover the frequency range between 3 and 6 GHz). The system has been calibrated setting the scattering parameter equal to 0 dB when the metallic screen with the aperture is present. Then, the inclusion has been placed across the aperture and the transmission spectra have been acquired by using a vector network analyzer connected to the horn antennas. The acquired scattering parameter , thus, corresponds to the transmission enhancement factor due to the presence of the connected bi-omega particle across the aperture with respect to the case of the aperture alone. This result has been reported in Fig. 8(b) .
Comparing the result in Fig. 8(b) to the corresponding ones shown in Fig. 7 , we find a good agreement in the position of the maximums that represent the resonant frequencies of the particle. We highlight here that the peak magnitudes of the two modes cannot be compared to the ones in Fig. 7 because Fig. 8 shows the transmission enhancement with respect to the field magnitudes recorded during the calibration stage. Numerically Fig. 9 . Metallic screen with a drilled rectangular aperture is used to cover the cross section of a WR 90 waveguide. connected bi-omega particle is placed across the slit to get efficient transmission around its resonances.
speaking, in Fig. 8(b) 
B. Model Validation Through a Metallic Waveguide Setup
As shown in the previous section, the electromagnetic behavior of the connected bi-omega particle is rather insensitive to the presence of the metallic screen and its frequency response is fairly predicted by the proposed analytical model. Here, we report the comparison between analytical, numerical, and experimental data when the particle is placed across a subwavelength aperture in a metallic screen that cover the cross section of a regular WR90 waveguide (Fig. 9) .
A metallic screen with a drilled rectangular aperture is used to cover the cross section of a regular WR 90 waveguide (the theoretical cutoff frequency is 6.56 GHz). The idea is to design a connected bi-omega particle whose fundamental modes work within the mono-modal frequency range of the waveguide in such a way to obtain a frequency selective transmission. In the end, such a component is a filter, but it is presented in this framework just as an example of a waveguide component based on the proposed concept.
Assuming that the fundamental mode of the waveguide, i.e., , is propagating in the waveguide, the y-component of the guided magnetic field excites the connected bi-omega particle. So, by using the design procedure described in Section IV, the geometrical parameters are , , ,
, being the slab parameters , (Roger RO5880) [37] . The two resonant frequencies are expected to be at 7.70 GHz and 9.94 GHz for the even and the odd mode, respectively, that are in the mono-modal frequency band of the WR90 waveguide. The corresponding amplitudes of the induced currents versus frequency are shown in Fig. 10(a) .
Then, the electromagnetic behavior of such a connected bi-omega particle in a regular WR90 waveguide has been numerically studied by using CST Studio Suite [38] . The corresponding scattering parameters are shown in Fig. 10(b) . Comparing the results of Fig. 10(a) and (b) , it is possible to note that the frequency positions of the two peaks predicted by the analytical model [ Fig. 10(a) ] and of the two deeps of the transmission coefficient [ Fig. 10(b) ] agree very well. This result further confirms that the particle is rather insensitive to the variation of the surrounding environment, since the analytical model assumes that the particle is in free-space. After the numerical verification of the efficient transmission at the resonant frequencies of the two fundamental modes of the connected bi-omega particle, we have conducted also the experiments. Considering that the suggested operation range of the WR 90 waveguide is 8.2-12.4 GHz, the first resonance at 7.67 GHz (though being above the theoretical cutoff of the waveguide) cannot be accurately measured. Therefore, we have focused our attention on the second resonance only (i.e., the one at 9.94 GHz). After a proper TRL calibration of the measurement setup at the sample holder section, we have measured the scattering parameters at the two ports of the waveguide by using a vector network analyzer in two cases: 1) presence of the slotted screen only; 2) presence of the screen with the connected bi-omega particle fixed across the slit. In Fig. 11 , we show the comparison between the experimentally measured and the numerically computed scattering parameter magnitudes in the frequency range 9-11 GHz. Again, the agreement between numerical and experimental results is very good. It is worth noticing that, differently from the results in Fig. 10(b) obtained by considering the omega metallization made of a perfect electric conductor, the simulated results shown in Fig. 11 have been obtained by assuming the omega metallization made of copper . Simulated and measured insertion loss at the resonant frequency of the odd mode (9.94 GHz) is almost identical and equal to 0.4 dB.
In the end, we can conclude that the proposed particle is rather insensitive to the variations of the surrounding environment, i.e., free-space, across an infinitely extended metallic screen, or in a waveguide. In fact, it is worth noticing that the particle has been designed in Section IV without taking into account the presence of the metallic screens and by using a set of equations that assumes the free-space condition. This behavior can be explained considering the geometrically balanced and symmetrical structure of the connected bi-omega particle, that makes it a good candidate for the realization of a novel family of filtering microwave components [26] [27] [28] [29] whose operative frequency (given by the resonant frequency of the particle) must be predicted accurately before the actual realization of the microwave component.
VI. CONCLUSIONS
In this paper, we have proposed a new analytical model of both the bi-omega and the connected bi-omega particles. The model is based on an equivalent circuit representation and allows calculating the resonant frequencies and, thus, the electromagnetic response of the particle. The proposed model has been exploited to estimate the resonant frequencies of the two supported fundamental modes of the connected bi-omega particle, having even and odd symmetries, respectively. In addition, we have developed and described an effective design procedure based on the proposed circuit model that guides to the actual realization of the particle once the desired resonant frequencies are given. Comparing the resonant frequencies obtained through the equivalent circuit analysis and both full-wave numerical and experimental results, an excellent agreement has been found, confirming the validity and the accuracy of the proposed model and of the design guide.
